THE SCOTS COLLEGE

MATHEMATICS EXTENSION Il

YEAR 12 PRETRIAL

26TH MARCH 2014

GENERAL INSTRUCTIONS

SECTION I (5 MARKS)

e Reading time — 5 minutes

e  Working time - 2 hours

e Write using black or blue pen

e Board-approved calculators may be
used

e Atable of standard integrals is
provided

e Show all necessary working in
Section Il

WEIGHTING

Answers to be recorded on the
multiple choice answer sheet
provided

Clearly label your answer sheet with
your student number

Allow about 10 minutes for this
section

SECTION Il (65 MARKS)

30%

TOTAL MARKS

70

Questions 6 -9

Answers to be recorded in the
answer booklets provided

Each question must be completed in
a new answer booklet.

Label each answer booklet with
your student number and the
guestion number attempted. Clearly
indicate the booklet order if more
than one booklet is used for a
guestion. E.g. Book 1 of 2 and 2 of 2.



SECTION |

QUESTION 1

Consider a polynomial P(x) of degree 3 and the two real numbers, a and b, such that the
following three conditions hold true:

1) a<b
2) P(@>P()>0
3) P'(a)=P'(b) =0

The polynomial P(x) has:

(A)  3real zeros
(B)  1real zero y such thaty <a
(C)  1real zeroysuchthata<y<b

(D) 1 real zero y such thaty > b

QUESTION 2

The shaded region of the Argand plane below represents the points where which of the
following inequalities hold simultaneously?
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(A)  |zl<6 and -%£arg(z)£§

(B) |z/<6 and ££arg(z)£3_p
4 4
(C) l7=+/6and- %Earg(z)Eg

(D) 2> /6 and %t‘arg(z)EBTp



QUESTION 3

The graph f(x) :2;, where m and n are real constants, has no vertical asymptotes if:
x“+mx-n

(A) m? <-4n
(B) m? >-4n
©) m? <4n

(D) m? > 4n

QUESTION 4

The complex number ® is a root of the equation 23 +1=0. Which of the following is FALSE?

(A) wisalso aroot.
(B) wA+1- w=0

© 1 is also a root.
w

O (w-1)°=-1

QUESTION 5
X2 y2
Given the equation of the hyperbola, #, is —- -~ =1 has eccentricity e, then the ellipse, E,
a~ b
2 2
with equation +2_ =1 has which of the following as its eccentricity?
a®+b> b2
(A) -e
1
(B) =
e
(C) Ve
(D) ¢

END OF SECTION |




SECTION 11

QUESTION 6 (START A NEW ANSWER BOOKLET) 21 MARKS

a) Consider the complex number z = x+1iy , where x and y are real, and the complex

numberw =iz +7 .
i)  Find win terms of x and y and hence show that Re(w) = Im(w). [2]
i) Find all possible values of the principal argument of w. [1]

iii) Given that x and y are both positive and x <y, draw vectors representing

Z, iz, Z and w on an Argand diagram. [2]

b) Let z=12cis 137 and w = 3cis =
15 5

i)  Evaluate Z and express your answer in the form a-+ib . [2]
w

3
i)  Explain why 2—3 is a real number. [2]
w

c) The locus of z is the region simultaneously satisfied by the following conditions:
|z—i|s2 & Im(2)£1
i)  Draw a neat sketch of the locus on an Argand diagram. [2]

ii)  Find the values of z for which | z| is a maximum and justify your answer. ~ [2]

QUESTION 6 CONTINUES ON THE FOLLOWING PAGE...



d) OABC is a quadrilateral in the complex plane. The complex numbers, 0, z, vand w
are represented by O, A, B and C respectively. K, L, M and N are the midpoints of
OA, AB, BC and CO respectively.

y
A C(w)
B(v)
0| > X
. . V412
i)  Show that the complex number represented by L is ——. [2]
i) Find similar results for K, M and N and hence calculate the complex
numbers representing the vectors NM and KL and show that they are
equal. [2]
1ii) What type of quadrilateral is KLMN? Justify your answer. [1]
e) The Argand diagram below shows the points A and B, which represent the
complex numbers z, and z, respectively. Given that DBOA s a right-angled,
isosceles triangle, prove that (zl+zz)2 =222,. [3]
Im(z)
&
B
A
o) = Re(z)

END OF QUESTION 6




QUESTION 7 (START A NEW ANSWER BOOKLET) 14 MARKS

a) The diagram below shows the graph of the function y = f(x).

Draw a one half-page sketch for each of the following. Make sure you indicate all
significant features.

i) y=f(-x) 2]
iy V=[] 2]
__ 1

i) YT 2
v =) 2
V) y? = f(x) 2]

b) Consider the curve x® + 3x*y — 2y°® =16

2
i)  Showthat & = X +2X 2]
dx 2y° —x

i)  Find the coordinates of the stationary points on the curve. You do not need

to determine the nature of the stationary points. [2]

END OF QUESTION 7




QUESTION 8 (START A NEW ANSWER BOOKLET) 9 MARKS

a) Consider the polynomial P(x) = x® —6x* +5x* +12
)} Show that i is a zero of P(x) and explain why —i is also a zero of P(x). [2]
i) Explain why (x2 +1) is a factor of P(x). [1]

iii)  Giventhat x* — 7x2 + 12 = (x? — 3)(x? — 4), factorise P(x) over: [3]
o) the rational field Q
B) the real field R
) the complex field C

b) The polynomial P(x)=x"- 3x*+7x*+ax+b has real coefficients.

)] Given that 2 is a multiple zero of P(x), find the values of a and b. [2]
i) Explain why 2 is a double zero of P(x) [1]
QUESTION 9 (START A NEW ANSWER BOOKLET) 21 MARKS

2 2

a) The equation of an ellipse is XY g
25 9

) Show that the eccentricity of the ellipse is 3 and determine the foci and
directrices of the ellipse. [3]
i) Draw a neat sketch of the ellipse showing significant features. [2]

b) P(cp, %)and Q(Cq, g) lie on the rectangular hyperbola xy = ¢®. The tangents at the

points P and Q meet at the point T.

) Show that the equation of the tangent at P is x + p?y = 2cp . [2]
i) Show that the coordinates of T are (zmc , i) [2]
p+q ptq
i) If g=3p, show that the locus of T is a rectangular hyperbola and
find its foci. [3]

QUESTION 9 CONTINUES ON THE FOLLOWING PAGE...



c) The equation of the hyperbola, #, is x_2_ b
a

2

2
y_2 =1. The tangent at the point P with

coordinates (asec @, btan ) on 7 cuts the asymptotes at A and B as shown in the

diagram below.

i)  Write down the equations of the asymptotes.

i) Show that the equation of AP is

xsecf ytanf
=

1

iii) Show that AP crosses the x-axis at the point (ﬁ, 0).

iv) Show that A is the point ( - > )

v) Given that B is the point (

of AOAB.

secO—tan 6’ secf—tan O

, — , find the exact area
secf+tan 0 sec f+tan 9)

END OF SECTION Il. END OF EXAM.
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STANDARD INTEGRALS

1 .
x" dx =—x" p#_1; x20.ifn<0
n+1
(1
—dx =lnx, x>0
X
[ 1
e™ dx =—e™, az0
a
-
cosaxdx =—sinax, a#0
a
[ 1
sinax dx =—Ecosax, azl
-
2 1
sec” ax dx =Etanax, az0

~

1
secax tanaxdx = Esecax, azl

1 1 X
dx —tan 1—, az0
J t]!2+.lt2 a a
[
. 1 X
dx = sin 1—, a=>0, —a<x<a
2 2 a
o a — X
1 S
—dx =1n(x+ xz—az), x>a=0
J Jxr—a?
1 (2. 2
—dx =Injx+vx" +a
J.’2+|fI2

NOTE: Inx=log x, x>0
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CANDIDATE NUMBER:

SECTION I — MULTIPLE CHOICE ANSWER SHEET (5 MARKS)

Mark the correct answer by filling in the circle. To make a correction, neatly place a
cross over the circle and then fill in the correct circle.

@)
)

EXAMPLE: A B

w e 0

A B C D
Question 1 O O O @)
Question 2 O O O O
Question 3 O @) O @)
Question 4 O @) O @)
Question 5 O @) O @)




































